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An exact solution is given for the propagation of a plane jet of conducting liquid in a magnetic field at
small values of magnetic Reynolds number. Profiles of velocity, temperature and intensity of magnetic
field are given.

We shall investigate the laminar motion of an incompressible conducting fluid issuing from a plane jet source,
assuming that the physical properties of the fluid in the jet and in the surrounding medium are the same and that the
magnetic Reynold numbers are much smaller than one. We shall also assume that the lines of force of the external mag-
netic field in the flow plane xy are normal to the direction of fluid motion (Fig. 1).

The initial system of boundary layer equations for this case has been given in [1]. We shall write this system in
the following form:
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The first two equations (1) are the equations of fluid motion. The velocity profiles obtained by solving these
equations will be used for the subsequent determination of the temperature and magnetic intensity fields in the jet on the
basis of the equations of heat propagation (2) and induction (3),
respectively.

-7 The dynamic part of this problem has been investigated by
several authors [2«4]. An error in [2] was pointed out in [3] and [4].
An expression for a universal velocity distribution function was ob-
tained in [8]. Lack of an "integral condition,” however, prevented
the author from arriving at final formulas for the velocity components.

A solution of the dynamic and thermal problems is given below,
and the necessary "integral condition” is obtained. The intensity pro-
file of the induced component of the magnetic field is also found in
the approximation Reyy « 1.

-~ We shall confine ourselves to finding a self-similar solation to
the above problem. We write the exponential transformation equa-
tions in the form
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Fig. 1. Laminar plane free jet in a magnetic

field. U= Lth'(cp), Up = Axr, ¢ = Bux? Y, Hy = HoxP. (4)

The solution of the equation of motion must satisfy the boundary conditions
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To integrate the equation we substitute the expression for the velocity components and their derivatives from (4)
into the first equation of system (1). We then obtain the following ordinary differential equation for the relative velocity
profile:
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with boundary conditions

F=0,F=1 F'=0 a =0
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In deriving (5) it was assumed that
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The first of these relations was found from the condition that the dimensionless velocity profile F'(¢) be independ-
ent of ¢. the second from the fact that rhe constants A and B are arbitrary, while in the third relation N denotes the di-
mensionless complex characterizing the magnetic effect on the flow.

To determine the constant &, we integrate (5) between 0 and e« to obtain

1/ N E. o \

o=——(1l-r — —F— :
L T | ®

0

After substituting (8) into (5), we rewrite the latter in the form
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When N = 0, Eq.(9) goes over into the equation for an ordinary hydrodynamic jet, whose solution is the function
" =1—th?g. (10)

It is easy to verify thar function (10) satisfies Eq. (9), even for nonzero values of N.

Using (10), we obtain from (8) a final expression for the exponent
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The expression obtained for the relative velocity profile must be related to the actual velocity field. In jet-source
theory some *conservation condition® is ordinarily used for this purpose. To obtain such a condition in the case of flow
«©
of a conducting fluid, it is convenient to employ the integral g u’” dy == const, which does not depend on the longi-
-
tudinal coordinate for rransformations (4). This invariant was proposed in [5] for solving the hydrodynamic problem. To
obtain a similar integral condition from the differential equations, we multiply the first equation of (1) by u® "% and add
this to the continuity equation after first mulripiying by ud-l,

Integrating the sum over the cross section of the jet, we obtain
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Evaluating the integral on the right using (4), (11), and (5), we see that it is identically equal to zero. In this
case we obtain from (12) the following integral conservation condition:

(g ub dy:(a——l)D (13)

The constant of integration D depends, generally speaking, on the momentum ] of the jet, the density p, thecon-
ductivity o of the fluid, and the magnetic field intensity H,,. In the limiting case of a nonmagnetic jet (gy = 0 orHy = 0)
the constant D = Jo/p, i.e., coincides with the kinematic momentum of the jet (5§ = 2). The value of D should be
assumed given, as is'usual in jet-source problems. It should be noted that the integral relation derived determines the
region of variation of the self-similarity constants, since & can take values in the range 1 =6 = 2, as may be seen from
(13).
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We now determine the constants A and B by substituting (4) into (13) and using (7) and (11). After some transfor-
mations we obtain

[ —1
A /B =1(3)(3-—1)D, »(3)= { [ 17 @r dcp} : (14)
From the relation A = 6vB? and (14), we find the required expressions:
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Finally, we write the relations for the variation of the mass flow G per second and momentum J along the jet:
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Let us briefly consider the results obtained. When a jet of conducting fluid propagates in a magnetic field, the
field impedes the motion. As the electromagnetic volume force increases, the velocity drop (11) along the jet axis
occurs more rapidly, and the mixing region increases. In this case, however, the relative velocity profile (10) does not
change relative to the case N = 0.

The constants denoting the variation along the jer axis of the velocity o and the effective jet width 8, like the
value of the magnetic interaction parameter N and the ratio § = B/a, are determined by the value of the constant p
(from the expression H, = HxP):

a=1+42p, B=p, &=p/(l4+2p), N=-—4(2+3p). (18)

From expression (15) for A it follows that the value of the constant lies in the range 1 =6 = 2. Since all the con-
stants are interrelated, specific valnes of the self-similarity constants &, B, etc., correspond to each value of & in this

fange. Values of Self-Similarity Constants

For clarity, these constants have been tabulated for several

values of the parameter N. The values in the top row of the table

correspond to ordinary hydrodynamic flow (N = 0, § = 2; values of N ¢ f=p 6 ¥

8 > 2 lead to the unreal case of negative values of N). At values

of the constants corresponding to the bottom row of the table, Eq. 0 —1/3 —2/3 2 —4/3
(1) has a trivial solution equal to zero (15) (when N = 4, § = 1; the }2 :é//g :g?g 53)//2 :%é
case § < 1 does not give flow, since then A < 0). Note that the 3 —56 | —11/12 | 11710 —1712
last case of a "degenerate jet" is naturally related to the self- 4 —I1 —1 1 0

similar solution examined here.

As far as the integral characteristics of the jet are concerned, as the magnetic field increases, the ejecting prop-
erties of the jet decrease, and mass addirion along the length of the jet proceeds more slowly (16). The momentum of
the jet also decreases as the magnetic field Hy increases. In this case, since at the origin the magnetic field is infinitely
large (2), the jet must have infinite momentum (17), in contrast to the case of a nonconducting fluid. As a result of
interacrion with the magnetic field, at an infinitely small distance the momentum becomes finite. These character-
istics at the origin (Hy > and I — «) are a generalization of the characteristics of a nonmagnetic jet source.

Let us now turn our attention to the following important fact. It follows from (18) that the value of the magnetic
interaction parameter N depends on the value of the constant p. Expanding the expression for N (7), using (15) and (18),
we put it in the form ‘
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Equation (19) relates the external parameters of the problem, the momentum of the jet J, the field intensity Hy,
and p, and determines the condition for self-similar flow in the jer. It follows, in particular, that, for a given jet mo-
menmum, for example, the external field cannot be chosen arbitrarily, and vice versa. This is a characteristic of the
motion of jets of conducting fluid in a magnetic field at small values of the magnetic Re number [6]. Pure hydrody-
namic jet flow at a great distance from the source is known to be always self-similar.
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Let us now derive an expression for the induced longitudinal component of the magnetic field Hx. From (3), using
the expression for the velocity profile (10) and taking account of the symmertry of the lines of force about the jet axis
(lix = 0 at y = 0). we find

N
= —oH,Bx *

W)= H/H,, ~the, H
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The component Hy is antisymmetric relative to the jet axis. At its boundaries the Hy are opposite in direction but
equal in magnitude, which is determined by the total current Iy flowing in the cross section of the jet:

= | idy, (j=cuB).

—oo
Note that the total current is proportional to the mass flow per second of the jet:

]0 — G’\“LHO G.
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We shall examine the heat propagation equation for two variants of the boundary condition:
aT
0y

T=T, at y=-+ow, T=T, at y=— .

0 at y=0,T=T, a y=4 o,

We introduce the self-similarity transformation:
for a symmetric thermal boundary layer

T—To=(Ty—Te)B(9), T,,—T_=1x"; (20)
for an "asymmetric" thermal boundary layer
T'—‘Tg‘—"'(Tl'—Tg) @3('{) {i.e.. ‘Y:O)_ (21)

For a solution remote from the source, we may neglect the term in (3) relating to the Joule dissipation, which
decreases with distance from the source faster than the remaining terms.
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Fig. 2. Relative velocity, magnetic field and temperature profiles in
in a plane jet (a ~ 94(¢). b —65(¢)): 1) N=0 and Pr=1; 2) 0 and
0,5;8)1and 1;4) 1 and 0.5; 5) 2 and 1; 6) 2 and 0.5; 7) 3 and 1;

8) N = 4; 9) F'(¢); 10) h(e) = ~h(~¢).

From (3), taking into account (4) and (20), we have

©" +3Pr[(a +1) FO' —2yF'®] =0. (22)
Integrating (22) within infinite limits, we find Y == —(a +1)/2 for boundary conditions
=0 at g =0,

(23)
O=0"=0 at p==-+ co.
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Substituting the value of y in (22), we rewrite it in the form
& 4-3Pr(a +1) (FO)Y =0, (24)

Integration of (24) with boundary conditions (23) gives

Bpr (L)

0 (p) - 11 (@)1 - leh g e (25
Note that when Pr=1 - N/4, the temperature and velocity profiles are similar,
Using the integral conditions of conscrvation of excess heat content
Q= | pCu(T—Tx)dy,
—C0

wc determince the constant T':
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In the second case (y = 0)
8 == at @ — -}- o0,
B =0 at @=-—o0
From the equation
@ 1-3Pr(a-+-1)F'© =0 (26)
we have
e —1 ©
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In both cases the magnetic field acts via variation of the velocity field, and the width of the thermal boundary
layer increases with increase in the magnetic interaction parameter N (Fig. 2).

Naturally, when there is no magnetic field (N = 0), all the solutions obtained above go over into the usual hydro-
dynamic solutions.

NOTATION

u, v — longimdinal and transverse components of velocity; x, y — longitudinal and transverse coordinates; T ~
temperature; H —~ magnetic field intensity; o, 8,y.6,A. B, I ~ constants to be determined; D — a constant; G - mass
flow in jet; J — momentum of jet; Q — excess heat content of jet; Iy — total current; H, ~ reference value of magnetic
field intensity; p —a constant; ¢ — conductivity; ¥ — kinematic viscosity; p — density; ju - magnetic permeability;
F'(¢) —velocity; ¢ — coordinate; Rem — magnetic Reynolds number; N — magnetic interaction parameter; 04,8, —
temperature for symmetric and asymmetric thermal boundary conditions.

REFERENCES

1. W. R. Scars, Astronautical Acta, 7, no. 2-3, 1861.

2. S. 1. Pai, ]. AerofSpace Sci., 26, no. 4, 1961.

3. Tunglaus, Rev. Mod. Phys., 32, no. 4, 1960.

4. K. Toba, J. Aero/Space Sci., 28, no. 3, 1961,

5. L. A. Bulis, Z. B. Sakipov, and A. T. Trofimenko, Izv. AN SSSR, OTN, no. 3, 1962.
6. K. E. Dzhaugashtin, Notes on the 2nd Mechanics Conference, February, 1963.

4 July 1964

401



